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Recently, several attempts have been made to extend the well-known uniqueness results 
for the Kerr [TJ El E] and Kerr-Newman black holes [U EJ E] to the previously excluded 
case of a degenerate horizon leading to the extremal Kerr or Kerr-Newman black holes. 
In [7j (end of section 2.4) it was shown that the constructive Kerr uniqueness proof given 
in [SI [9], which assumes stationarity and axial symmetry from the very beginning and 
makes use of the "inverse scattering method", see also the earlier work [10J, can indeed 
be extended to the degenerate case. In 2010 further proofs of the extremal Kerr [11] 
and extremal Kerr-Newman uniqueness [121 US] were published. It is beyond the scope 
of the present paper to analyse the various mathematical assumptions of these proofs. 
Instead, a generalization of the above mentioned constructive Kerr uniqueness proof 
[HI [9] to the Kerr-Newman case, again including the possibility of degenerate horizons as 
in [7J, is presented. The paper is organized as follows: In Section 2, we briefly describe 
the Ernst formulation [14] of the relevant field equations and the "Linear Problem" 
introduced by Neugebauer and Kramer [13] . which is used for the proof. Section 3 deals 
with the integration of the Linear Problem along the axis of symmetry and along the 
horizon. Here the horizon boundary conditions defining a stationary black hole, see 
[T6| 117] . enter into the procedure. In Section 4, the uniqueness proof is completed by 
closing the integration path via infinity and deriving explicit expressions for the complex 



Constructive proof of the Kerr-Newman black hole uniqueness 



2 



Ernst potentials on the axis of symmetry. Some general remarks on solutions showing 
reflection symmetry with respect to an "equatorial plane" can be found in Section 5, 
and in Section 6 we discuss further possible applications of the method. 



2. Field equations and Linear Problem 

The Einstein-Maxwell vacuum equations (governing "electro- vacuum spacetimes"), in 
the case of stationarity and axisymmetry, can be reduced to a system of coupled non- 
linear partial differential equations for the complex Ernst potentials S(p,() and $(/?,£) 
[H]: 

/V 2 £ = (V£ + 2$V$) • V£, /V 2 $ = (V£ + 2<SV$) ■ V$ (1) 

with 

/ = ^£ + |$| 2 , (2) 

where the operator V has the same meaning as in Euclidean 3-space in which p, ( and 
(f) are cylindrical coordinates. The spacetime line element is 

ds 2 = f- 1 [ h(dp 2 + dC 2 ) + p 2 d0 2 ] - f(dt + a d0) 2 (3) 

or, equivalently, 

ds 2 = e 2a (dp 2 + dC 2 ) + p 2 e- 2u (d(j) - u dt) 2 - e 2u dt 2 , (4) 

the latter form beeing of advantage in the presence of ergospheres. Here f(p, () is 
directly given by The other metric functions h(p,() and a(p, £) as well as the 
electromagnetic field can be calculated in a straightforward way from S and $, see 
[HI [18] . The relations between /, h, a and a, u, u can be read off by comparing (j3J) 
and 01]). The coordinates t (time) and <fi (azimuthal angle) are adapted to the Killing 
vectors 

corresponding to stationarity and axial symmetry. We assume asymptotic flatness, i.e. 
/ — > 1, h — > 1 and a — > at spatial infinity. The asymptotic behaviour of £ and $ is 
given by 

^ = l-^ + 0(r- 2 ), ZS = - 2 -^ + 0(r-*), (6) 
$ = 9. + 0(r- 2 ) (7) 

with 

p = r sin 9 , £ = r cos 9 . (8) 

The multipole moments M, J and Q are the gravitational mass, the (^-component 
of the) angular momentum and the electric charge. Note that we exclude magnetic 
monopoles here||| 

J A magnetic monopole can be reintroduced in the end by means of a duality rotation. 
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Equations (DQ) turned out to be integrable in the sense of soliton theory, i.e., there 
exists a system of linear differential equations (called Linear Problem) having (TjQ) as its 
integrability condition, cf. [19]. We use here a slightly modified version of the Linear 
Problem (LP) presented by Neugebauer and Kramer {15] : 



Y 




(9) 



(10) 



with 



K 



1Z 



A 1 



K + iz' 

p + K, z = p - K ■ 



B 2 = 
fD 2 



2/ 



Co 



A 2 



Bi 



£- z + 2$$ 
2/ 



(11) 
(12) 
(13) 
(14) 



a bar denoting complex conjugation. Note that the 3x3 matrix Y is related to the 
matrix ft in [15] by the simple transformation 

/ 1 \ 



V 



ft. 



(15) 



/ 



1 

if-W 

The use of Y instead of O avoids some problems in the presence of ergospheres, where the 
function / becomes negative. In particular, the expressions ( fT31 [T4l for the coefficients 
At, Bi, Ci and Di (i — 1, 2) in the LP (P| [l0]) . in contrast to the corresponding expressions 
in [15], do not contain square roots of /. This ensures that relations like A 2 = B\ 
remain unchanged inside the ergosphere and no ambiguities occur. The boundaries of 
ergospheres, where / = holds, require a separate discussion. At these "ergosurfaces" 
some of the coefficients in the LP are singular. The same holds for the differential 
relations that have to be used for calculating the full metric and the electromagnetic 
field from £ and $. However, it can easily be verified from these relations that a 
smooth spacetime metric (together with a smooth electromagnetic field), which we 
assume, leads to smooth potentials £ and $ at ergosurfaces (for p ^ 0). In the opposite 
direction, the Ernst equations themselves provide conditions which ensure smoothness 
(and the Lorentzian character) of the metric and smoothness of the electromagnetic field 
at ergosurfaces. Without electromagnetic field this was studied in detail in [20] and a 
partial treatment of the electro- vacuum case can be found in [21]. In the case of a zero 
of first order (/ = 0, V/ ^ 0) smooth potentials £ and $ satisfy either (i) S tZ = 0, 
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$ 5 2 = or (ii) £z — 0, $^ = as a consequence of the vanishing right-hand sides in 
dl]). In both cases, regularity of the metric functions a, v and uj in (T4]), calculated (via 
/, h, a) from £ and is assured. In case (i), the only singular coefficients in the LP 
are A 2 , B x and D 1 . Regularity of Y 2 and Y ^ results from the relation Y lk + \Y 2k = 
(Yik denoting the elements of the matrix Y), which is consistent with det Y = at the 
ergosurface, see equation (JIB]) below. Analogously, in case (ii), with singular coefficients 
Ai, B 2 and D 2 , we have XYi k + Y 2k = 0. In our proof we are not making any a priori 
assumptions on the shape and other properties of ergosurfaces. However, the resulting 
ergosurface (of the Kerr-Newman black hole) is indeed characterized by a first-order 
zero of /. The points where the horizon meets the axis of symmetry are discussed at 
the end of subsection 13.11 

It is important to note that Y depends not only on the coordinates p and ( (or z 
and z), but also on the additional complex "spectral parameter" K, which enters the 
LP (jHl [10]) via A as given in (TTTT) . Since K does not appear, we can assume without 
loss of generality that the elements of Y are holomorphic functions of K defined on the 
two-sheeted Riemann surface associated with pip . For a given solution £, $ to the 
Einstein-Maxwell equations, the solution to the LP can be fixed by prescribing Y at 
some point po, Co of the_p-( plane as a (matrix) function of K in one of the two sheets 
of the Riemann surface^ Y can be discussed in general as a unique function of p, £ and 
A. Of course, each column of Y is itself a solution to the LP. 

It can easily be verified that the following relations hold, cf. [15J: 

[/(p,C)]- 1 detY(p,C,A) = c (ir), (16) 

/ 1 \ 

0-10 



Y(p,C,-A) 







Y(p,(,\) Cl (K) 



(17) 



1 ) 



[Y(p,C,l/A)] f 



/ mar 



\ 










-[/(p,C)]- 





o\ 



- 1 / 



Y(p,C,A) = c 2 (K), (1* 



where Cq(K) as well as the 3x3 matrices Cx(K) and c 2 (K) do not depend on p and £■ 



3. Integration along axis and horizon 

3.1. Killing horizon and axis of symmetry 

The event horizon of a stationary and axisymmetric black hole is given by a null 
hypersurface whose normal vector \ l is a linear combination of the two Killing vectors 
£ l and rf, see (jSJ), 

^ = C + n v \ H: X^ = 0, (19) 

§ The values of the elements of Y in the other sheet can then be obtained by integrating along some 
appropriate path in the p-C, plane leading back to the point po, £oj but now with A — > —A. 
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H: p = 0, 

ICI<J 



A 4 



H 



A- 



C 



A + 



n 



A- 



C 



P 



p = r sin 9 
C = r cos 9 
(0 < 9 < tt) 

"H: r = 0, 

< < 7T 



Figure 1. The two possibilities for a connected horizon in Weyl coordinates: a finite 
interval on the £-axis (left picture) and a point on the £-axis (right picture). 



where Vt is the constant "angular velocity of the horizon" with respect to infinity 
[T6l [TTjJjjl Throughout this paper we assume Vt ^ 0. For symmetry reasons, each of 
the Killing vectors £ l and if must be tangential to the horizon, and therefore 

U: X% = 0, X\ = 0. (20) 

We assume that Weyl coordinates p and (, see (J3J) or (H]), can globally be used everywhere 
outside (and including) the horizon. Because of 

p 2 = {Cvif - tttfm = (x\) 2 - x l x t v k Vk (21) 

the horizon must be located on the £-axis, 

H: p = . (22) 

For a single black hole, i.e. a connected horizon, only two possibilities remain: The 
horizon can either be a finite interval or a point on the C-axis, see Figure 1. Without 
loss of generality, we have placed the horizon in a symmetrical position with respect 
to C = 0. In the case of a point on the £-axis (here ( = 0) the slice t = constant, 
= constant of the horizon still has to be one-dimensional, of course. Therefore, we 
have to parametrize the position along the horizon by another coordinate. A possible 
choice is the angle 9 of spherical-like coordinates (EJ). 

On the axis of symmetry, p = holds because the Killing vector rj vanishes there. 
We denote the two parts of the axis of symmetry by A + and A~, see Figure 1. The 
metric function a, see (EJ), vanishes on A ± : 

A ± : a = . (23) 
On H, however, because of 

x \ % = -f[(l + Qa) 2 - Q 2 p 2 r 2 } = , (24) 
|| The Killing vector £' is normalized by — > —1 at spatial infinity. Note that / = — 
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we have 

H: a = ~. (25) 

Note that / 7^ holds on the horizon of rotating black holes except at the "poles" (the 
points where the horizon meets the axis of symmetry), since / = —Q 2 ^^ follows from 
dHU |2"0]) . and for the spacelike vector 77 we have 77*77, > everywhere except on the 
axis of symmetry. We emphasize that despite the discontinuity of a at the poles of the 
horizon all scalar products rfr/j, and £ l T)i and thus the metric coefficients g^, gu 
and g^t are, of course, continuous there. We assume that the complex potentials £ and 
$ as well as the solution Y to the LP are continuous as well. 



3.2. Integration of the Linear Problem for p = 



For p = 0, i.e. on A + , A~ and H, the function X(K) as given in (ITT]) degenerates: The 
two branch points K = iz and K = —iz merge to K = (. As long as K 7^ (, we simply 
get A = ±1. Along any curve where p = holds, the LP (J5J [TU]) can easily be integrated. 
The general solution for A = +1 is given bjjjjl 

/ £(r) + 2|$(r)| 2 



Y< +1) (t, K) 



\ 



£{t) 
2$(t) 



1 
-1 




\ 



1 



C(K) 



(26) 



where r stands here for ( on A + , A~ or TL, if the horizon is given by a finite interval on 
the C-axis. For a horizon placed at the origin of the p-Q plane we may identify r with 
6. Note that the LP (0 [10]) can be reformulated as a pair of equations for Y >p and Y^ 
as well as for Y )7 . and Y^. We denote the solutions Y( +1 )(t, K) along A^ by Y± and 
along "H by Yh as well as the corresponding matrices C(K) by C± and Ch: 



A ±. Y ( +1 )(C,^) = Y ± 



U 



Y^\r,K)=Y h 




1 

-1 


1 

-1 




C 



Cy 



(27) 



(28) 



As already discussed in Section 2, a particular solution to the LP for given S, $ is fixed 
by prescribing Y as a function of K at some point p = p 0) C = Co m ° ne of the two sheets 
of the Riemann i^-surface. This represents the "initial condition" for integrating the 
LP along any path in the p-( plane. Choosing some point C = Co 011 A + as the "starting 
point" and taking K ^ £, A = +1 there, this corresponds directly to prescribing the 
matrix function C+(K) in ( f2"Tj) . (In general such an initial condition, which can also 
be called "normalization" , removes the freedom of multiplying Y from the right with a 



5 The structure of the three columns of the first matrix on the right-hand side of ([26]) can also be found 
in |15j when the transformation (I15|) is taken into account. 
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matrix not depending on the coordinates.) The matrices C_(K) and Ch(K) are then 
determined by continuity conditions, see below. We define the matrix C + (K) by setting 



lim Y+{C,K) 



( 


1 


1 





\ 




1 


-1 







\ 








1 


/ 



(29) 



V 



together with the requirement that the elements of C+(K) be holomorphic functions of 
K. With (E7D this leads to 

/ F \ 

GIL , 
H 1 j 

where the functions F{K), G(K), H(K) and L(K), for K 
potentials £ = £ + , $ = $ + on A + : 

F(0 = [U(CT l , 

G(C)= [|$ + (C)| 2 + i6+(0] lf + «T l , 

^(c) = -2$ + (c)[/ + (cr 1 , 

l(c) = -M0- 

Here we have used the function / as defined in (j2J) and the abbreviation 

b = Q£ (35) 
for the imaginary part of £. Vice versa, the axis potentials can be expressed as 



(30) 

C, are given by the 

(31) 
(32) 
(33) 
(34) 



£+(0 



(36) 



F(C) ' " v ' y 2F(C)' 
The functions F, G, if, L for all (complex) F are given by the analytic continuation of 
the expressions (I31H34P in terms of the axis potentials. These results are generalizations 
of corresponding formulae published in [22]. The following important properties can 
immediately be seen: 



F(K)=F(K), G(K) + G(K) 



H(K)H(K) 



L{K) 



H(K) 



(37) 



2F(K) ' 2F(K)' 
The last equation shows that L can be determined from H and F, i.e. all information 
is already contained in the three functions F, G and H, see also ( 1361 ). 

We are now in a position to calculate c (K), Ci(K) and c 2 (K) of (11611181) for our 
normalization of the solution to the LP. From (1271) and ( 1301) we obtain cq(K) = —2F(K), 
i.e. 

detY(p,C,A) = -2/(p,C)F(F). (38) 

The matrix C\{K) in (flTj) can easily be obtained by choosing one of the branch points 
K = iz and K = —iz, i.e. A = or A = oo, where Y is a unique function of K, 
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Y(p, (, — A) = Y(p, (, A), a property that remains valid on A + when taking the limit 
K C- With (EHD we find for fsT = C 

/ 1 \ 



Cl 



V 



1 
1 



/ 



which must hold for all K by analytic continuation. Hence we have 





( 1 








\. 




( ° 


1 


o\ 


Y(p,C,-A) = 





-1 







Y(p,C,A) 


1 










v° 





1 


J 




v° 








(39) 



Finally, C2(K) in ( fl8l) can be calculated in a straightforward manneiEl from ( 1271) and 
( 130]) together with (l37j) leading to 

/ f- 1 \ / 2F \ 



TMt 



[Y(p,C,l/A)] 



V 



o 
o 



-r 1 







4 7 



Y(p,C,A) 



V 



2F 




(40) 



Note that ( 1371) can also be written in matrix form: 



I 





2 









( 





IF 





\ 




2 










C+(K) = 




IF 










\ 








-1 


J 




\ 








-1 


/ 



(41) 



3. 3. The corotating frame of reference 

As already mentioned above, the matrices C_(fT) and Ch{K) follow from the prescribed 
C + (K) by continuity conditions at the poles of the horizon, i.e. at ( = ±1 or 9 = 0, 7r; 
see Figure 1. However, as discussed at the end of Subsection 3.1, the function / = — 
vanishes there: 

/n = 0,/ 8 = 0. (42) 

(From here on we use the index "n" to denote quantities at the "north pole", where 
% and A + meet, and "s" for quantities at the "south pole", where % and A~ meet.) 
Because of ( |38|) . this means that det Y vanishes at the poles. Therefore, the continuity 
of Y + does not provide enough information. This can be compensated by considering 
the continuity of Y^_ in addition, where Y' denotes a solution to the LP in the corotating 
frame of reference defined by 

p' = p, C' = C, 0' = 0-m, t' = t. (43) 

It has been shown in [23], by generalizing the corresponding transformation in the pure 
vacuum case (i.e. without electromagnetic field), see [9], that Y' can be expressed ad3 



Y'(p,C,A) = T(p,C,A)Y(p,C,A) 



(44) 



+ It is sufficient to consider (f27j) in the limit £ — ► oo making use of £ — > 1 and <i> — > 0, sec JHl EJ. 

* When comparing our expression with the formula in |23j one has to be aware of (|15j) . Note that the 

third line of Y' is identical to that of Y. 
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V 
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1 



/ -1 -A \ 



+ i(K + iz)Qf 



-i 



V 



A 1 




(45) 



/ 



with 



x = l + n(a- pf- 1 ), y = l + n(a + pf- 1 ). (46) 
Together with (123]) and fl25l) this leads to the following formulae for Y^_ and Y^: 

/ -1 \ 



Y' ± ((,K)=Y ± ((,K) + 2i(K-(;)n 



V 



1 




C±0FO; 



/ \ 



\ 




1 



/ -1 \ 



Y h ((,K) + 2i(K-()n 



J 



1 




(47) 



C h (K) , (48) 



if the horizon is located at p = 0, |£| < /, and 



/ \ 



V 




1 



Y h (0, if) + 2iKQ 



( -1 \ 
1 




C h (if) 



(49) 



if the horizon is located at r = 0. Combining these formulae with ( 1271 1281) and making 
use of (142]) we get the following continuity conditions at the poles that permit the 
calculation of C-(K) and C^(K) for a given C+(K): 

A n C + = H n C h , (50) 



A R C_ = H s Ch 



(51) 



where the matrices A n , H n , A s and H s depend on the values of £ and $ at the poles: 

1 £n/s "I -$n/s ^ 

n/s = £ n / s + 2i(K =f l)Q -1 -$ n/s , (52) 



A 



V 



2$ 



n/s 



1 



/ 



1 "$n/ S \ 



H n/s = 2i(if =f /)fi (53) 
\ 2$ n/s 1 j 

These formulae are also valid when the horizon is located at r = 0. In this case one 
simply has to put / = 0. 
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4. Proof of uniqueness 



For ( —7- ±oo, we obtain from ( 1271) using S — > 1 and $ — >■ 0, see §U [TJ, 

/l 1 o\ 



-10 C±. (54) 
v l ) 

Closing the integration path via infinity, say along a half circle p = Rsin.8, ( = RcosO 
(0 < < n, R — > oo) as indicated by the curve C in Figure 1, we can conclude that 



(55) 



This follows from (I39p and the fact that Y does not change along C since all coefficients 
Ai, Bi, Ci, Di {i = 1,2) in (0 [10]) as defined in f lT3| fT4|) vanish sufficiently rapidly as 
R — > oo because of (El [TJ, but A, according to f|TT]) . changes from ±1 at 6 = to =)=1 at 
9 = 7T 1221. Thus 
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i 








\, 
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1 
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\, 
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\ 
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-l 
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-1 











1 


-1 







c+ 
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J 




V 
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J 




V 
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J 




V 








1 


/ 










1 














1 
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c = 




1 










c+ 




1 












V 








1 


J 




V 








1 


/ 



(56) 



Together with f l50| [51]) this relation already permits the explicit calculation of the 
elements of C + as functions of K and the parameters Q, I, S n , S s , <3? n and $ s . To 
this end, we define the matrix 

/ 1 \ 

M = C + (C_) _1 m with m = 



V 



o 1 









(57) 



which, according to (1301) . can be written in terms of the functions F(K), G(K), H(K) 
and L(K) as 

( F HL-G 2FL \ 

M= G (1-G)(1 + G-HL)/F 2L{G - 1) 

v H H(HL — G — l)/F 2(HL - 1) j 

From (14"TT) . f[5B|) and flBTl) the remarkable property 

[M(K)]^ = M(K) 

follows, which can also be checked directly in (158]) by means of ([3 
definition (157]) and (T5U] I5T1) . the matrix M can be calculated as 

M = A.-'HnH^mo, 

leading to 



(5f 



(59) 

According to its 



(60) 
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with 



n/s 



\£ 



I* 

2 



\ 



n/s | 
2®n/ S £n/s 



-£ 



n/s 



-2$ 



n/s 



$n/; 
-21$ 



\ 



$n/s^n/s 



n/s | / 



Obviously, the matrix M can also be written in the form 

m, m 2 



M = m + 



+ 



+ 



m 3 



2iQ(K-l) 2iQ(K + l) AQ 2 (K 2 -l 2 ) 



with 



(62) 



(63) 



(64) 



ni! = F n m , m 2 = -F s m , m 3 = F n F s m . 

The constant matrices nij (i = 1, 2, 3) are solely determined by the parameters £ n , £ s , 
$ n and $ s . Together with Q and I this corresponds, because of (jUJ, to eight free real 
parameters. However, the property ( 1591 leads to the constraints 

(65) 



mi + m{ = — (m 2 + m|) , 



4if2Z(mi + m|) = 1113 — m 



3 ) 



(66) 



which reduce the number of free real parameters to four. The evaluation of (1651 I6"6"j) 
results in the parameter relations 



£s = £n, $s = $n 



4M 



i(£n~ 


4)(1- 




°n 


2 ) 




1-^n 


2 



(67) 
(68) 



Now we can read off the functions F(K), G(K) and H(K) from the first column of M, 
see ( 155]) . and get, for K = (, the complex Ernst potentials on A + according to (13"5]). 
From [7]), evaluated for = (i.e. r = (), we can calculate the multipole moments 
M, J and Q, where the condition that the coefficient of the £ _1 -term in (J7J) has to be 
real leads to the additional parameter constraint 



9? = 9? $ r 



(69) 



which ensures the absence of a magnetic monopole and reduces the number of free real 
parameters to the final value of three. The potentials £+{() and 3>+(C) can most easily 
be expressed in terms of M, J and Q. The result is 

2M . Q 



£+ 



1 



C + M - U/M 
together with the parameter relations 



C + M- U/M 



p_ n_ 

M 2 + M 2 + M 4 



and 



J/M 2 



1 + l/M) 2 + J 2 /M 4 



(70) 



(71) 



(72) 
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It is well-known that the axis potentials £+(() an d 3>+(C) fi x the solution uniquely, 
cf. [21]. Since flTOl) represents the axis potentials of the Kerr- Newman solution, the 
uniqueness proof is completed. The solution for all p and ( is given by 

e = i ™ ., • = 9. ., (73) 

r-i(J/M)cos9 r-i(J/M)cos9 

where the Boyer-Lindquist coordinates r and 9 are related to our Weyl coordinates p 
and ( by 



p = y/p - 2Mr + ,P/M 2 + Q 2 sin 9 , ( = (r - M) cos 9 , (74) 

see, for example, [H]. Note that we assume M > 0, of course^ The relation ( 1711) shows 
that Q 2 /M 2 + J 2 /M 4 < 1 holds if the horizon is located on a finite interval of the £-axis 
(I > 0). When the horizon is a point on the £-axis, we have to put I = 0, cf. the remark 
at the end of Section 3, i.e., we are uniquely led to the extremal Kerr- Newman black 
hole with Q 2 /M 2 + J 2 /M 4 = 1. 

5. Some remarks on reflection symmetry 

The Kerr-Newman solution shows reflection symmetry with respect to the "equatorial 
plane" C = 0: 

£(p,-() = £(p,0, Hp, -C) = Hp, ■ (75) 

It has been shown in [261 127] that this symmetry, for any asymptotically flat solution, 
is equivalent to the properties 

£+({)£+{-{) = 1 , $+(C) = -<M-C)£+(C) (76) 

of the axis potentials (satisfied on a part of the axis extending to £ — > +oo). In the 
pure vacuum case, this reduces to the relation derived in [221 12H]. As a byproduct of 
the results of the present paper, we can give a short independent proof of ( 1761) : Using 
( l2Tj) . (!30|) . (|39|) and ( 156|) for K = (, we obtain the following expressions for the axis 
potentials on A~: 

l-G(C)' lU 2[1-G(0]' 
Together with the previously derived expressions ( J36l) on ^4 + , the symmetry relations 
(175]) imply 

F(C) i-G(-C) F(C) i?(-C) 



l-G(C) F(-C) ' l-G(C) F(-0 



(7f 



(j It can easily be seen from (ffO]) that the transition M — > —M corresponds to £ —> f _ , $ — > £ 
which is a special case of the invariance transformations |25j combined with complex conjugation. From 
this one can conclude that the negative M solutions are singular at the ring p — J J 2 /Ad 2 + Q 2 , C = 0, 
where £ of the positive M solution vanishes. All this can also be verified directly from ((73l) and (|74l) . 
of course. Note that M — is incompatible with the parameter constraints ([65l l66j) and p2| . 
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where we have used that F(() is real. Using again, these relations turn out to be 
identical to f J76|) . Note that the horizon did not play any role in these conclusions. 

By means of a duality rotation $ — > $exp(i<5) one can easily see that the slightly 
more general case of a symmetry 

£(p,-0 = £(p,(), $(p,-C)=e 2i5 l>(p,0 (79) 
(5 being a real constant) is characterized by the axis relations 

£+(C)£+ (-0 = i , MO = -e 2W $ + (-C)£+(0 , (so) 

see also [27] . 



6. Discussion 



The method to derive the complex Ernst potentials on the axis of symmetry from 
the boundary conditions at the horizon used in the present paper is a straightforward 
generalization of the method that was originally developed for solving the boundary 
value problem to the vacuum Einstein equations for a rigidly rotating disc of dust [29|. 
In the pure vacuum case, the method was also applied to derive the Kerr metric as the 
unique solution describing a single black hole, see Section 1, and to treat the equilibrium 
problem of two rotating black holes leading to the recent non-existence proof [30]. With 
the extension of the method to the Einstein-Maxwell case further interesting applications 
like the investigation of rotating discs of charged dust or equilibrium configurations of 
two rotating charged black holes become treatable. 
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